Threefolds of P^5 with one apparent quadruple point by De Poi, Pietro
ar
X
iv
:m
at
h/
02
07
10
4v
1 
 [m
ath
.A
G]
  1
2 J
ul 
20
02
THREEFOLDS OF P5 WITH ONE APPARENT QUADRUPLE
POINT
PIETRO DE POI
Dipartimento di Sienze Matematihe
Università degli Studî di Trieste
Via Valerio, 12/b
I-34127 Trieste
Italy
depoimathsun1.univ.trieste.it
Abstrat. In this artile we lassify all the smooth threefolds of P5 with an
apparent quadruple point provided that the family of its 4-seant lines is an
irreduible (rst order) ongruene. This is suient to onlude the lassi-
ation of all the smooth odimension two varieties of Pn with one apparent
(n− 1)-point and with irreduible family of (n− 1)-seant lines.
Introdution
A ongruene of lines in Pn is a family of lines of dimension n − 1, and its
order is the number of lines passing through a general point of Pn. A odimension
two subvariety of Pn is said to have q apparent (n − 1)-tuple points if its general
projetion from a point to a hyperplane has q (n− 1)-tuple points as singularities.
In this work we prove that the degree of these varieties is bounded by (n− 1)2
when they have only one apparent (n− 1)-tuple point (i.e. q = 1), and we observe
that this implies that they annot be omplete intersetions. By a result of A.
Holme and M. Shneider, [HS85℄, this implies also that in order to lassify the
smooth ones, we an stop up to dimension three.
In this paper we also give a partial result towards this lassiation, i.e. we
restrit ourselves to the ase in whih the family of the (n − 1)-seant lines is in
fat an irreduible rst order ongruene.
This artile is strutured as follows: after giving, in Setion 1, the basi def-
initions, we obtain some general results about rst order ongruenes in Pn. In
partiular, after giving the entral denition of fundamental d-loi, we show how
to obtain the degree bound for the fundamental (n− 2)-lous of a ongruene.
In Setion 2, we give two general examples of ongruenes in Pn: the rst one
is that of linear ongruenes, i.e. the ongruenes whih ome out from general
linear setions of the Grassmannians; the seond one is that of ongruenes given
by the (n − 1)-seant lines of the varieties given by the degeneray lous of a
general map φ ∈ Hom(O
⊕(n−1)
Pn
,O⊕n
Pn
(1)). Of these two examples we alulate
loally free resolutions of the ideal sheaves of their foal lous and of the ongruenes
themselves. We study these examples beause they give us all the ongruenes of
our lassiation but one (i.e. ase (4b) of Theorem 0.1).
In Setion 3 we prove two multiple point formulae: the quadruple point formula
for a smooth threefold of P
5
and the formula whih gives the number of 4-seant
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lines to a smooth surfae of P4 passing through a general point of the surfae itself.
Strangely enough, the quadruple point formula for the threefoldswhih is atually
an appliation of S. Kleiman's multiple point formulae of maps (see [Kle81℄)it
seems to have been unknown, at least in modern times (see for example [BSS95℄).
With this formula, E. Mezzetti has been able to exlude the only degree 12 smooth
threefold of P5 for whih the existene was unertain (see [Ede94℄). I must say that
after the proof of this formula, I realized that the same was obtained by S. Kwak
in [Kwa01℄, but with other methods, i.e. through the monoidal onstrution.
The irreduible ongruenes of order one of P5 whih are given by the 4-seant
lines of a smooth threefold are lassied in Setion 4. By the results of Setion 2 and
what we said above, we obtain the following omplete list, where d is the degree of
the smooth odimension two variety X , π its setional genus and, if dimX = 3, S
is its general hyperplane setion; nally, H and K are the hyperplane and anonial
divisor lasses, respetively (and Xi is referred to the lassiation given in [DP95℄):
Theorem 0.1. The smooth odimension two (irreduible) subvarieties of Pn for
whih the family of their (n−1)-seant lines is an irreduible rst order ongruene
are
1. for n = 2 a point, and the ongruene is a penil of lines;
2. for n = 3 the twisted ubi, and the ongruene is the Veronese surfae and
has bidegree (1, 3) (for more details, see Subsetion 2.2);
3. for n = 4 we have the following possibilities:
(a) a (projeted) Veronese surfae, whih is rational, with d = 4, π = 0;
in this ase we have a linear ongruene, whih has bidegree (1, 2) (see
Subsetion 2.1);
(b) a Bordiga surfae, whih is rational, with d = 6, π = 3; the ongruene
is smooth and has bidegree (1, 8) (see Subsetion 2.2);
4. for n = 5 we have the following possibilities:
(a) the Palatini sroll, whih is rational with d = 7, π = 4, χ(OS) = χ(OX) =
1 (ase X6); in this ase we have a linear ongruene, whih has 3-degree
(1, 3, 2) (see Subsetion 2.1);
(b) a non rational sroll, P1-bundle over a minimal K3 surfae of P8 via
|K +H | (ase X11); d = 9, π = 8, χ(OS) = χ(OX) = 2; the ongruene,
has 3-degree (1, 7, 13);
() a log-general type rational threefold, linked with a (4, 4) omplete inter-
setion to a Bordiga threefold (ase X15); d = 10, π = 11, χ(OS) = 5,
χ(OX) = 1; the ongruene is smooth (see Subsetion 2.2) and has 3-
degree (1, 15, 20).
Vie versa the (n − 1)-seant lines of any of the above varieties generate a rst
order ongruene.
We onjeture that the rst order ongruenes whose pure fundamental lous
F (see Denition 1.1 below) is a smooth variety of odimension two are the ones
obtained in Theorem 0.1 (i.e. the families of (n− 1)-seant lines of the varieties of
the theorem).
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1. Notations, definitions and general results
We will work with shemes and varieties over the omplex eld C. By variety
we mean a redued and irreduible algebrai C-sheme. More information about
general results and referenes about families of lines, foal diagrams and ongru-
enes an be found in [De 01℄ or [De 99℄. Besides, we refer to [GH78℄ for notations
about Shubert yles and to [Ful84℄ for the denitions and results of intersetion
theory. Here we reall that a ongruene of lines of Pn is a at family (Λ, B, p) of
lines of Pn obtained by the desingularization of a subvariety B′ of dimension n− 1
of the Grassmannian G(1, n) of lines of Pn. p is the restrition of the projetion
p1 : B × Pn → B to Λ, while we will denote the restrition of p2 : B × Pn → Pn
by f . Λb := p
−1(b), (b ∈ B) will be an element of the family and f(Λb) =: Λ(b) is
a line of P
n
. We an summarise all these notations in the following two diagrams:
the rst one denes the family
Λ := ψ∗(H1,n)
ψ∗
−−−−→ H1,n
p2
−−−−→ Pn
p
y p1y
B
ψ
−−−−→ B′ ⊂ G(1, n),
where H1,n ⊂ G(1, n)× Pn is the inidene variety and ψ is the desingularization
map, and the seond one explains the notation for the elements of the family
Λb ⊂ Λ
f :=ψ∗p2
−−−−−→ Pn ⊃ Λ(b) := f(Λb)
p
y
b ∈ B.
A point y ∈ Pn is alled fundamental if its bre f−1(y) has dimension greater
than the dimension of the general one. The fundamental lous is the set of the
fundamental points. The subsheme of the foi of the rst order, or, simply, the
foal subsheme V ⊂ Λ is the sheme of the ramiation points of f . The lous of
the rst order foi, or, simply, the foal lous, Φ := f(V ) ⊂ Pn, is the set of the
branh points of f . In this artile, as we did in [De 01℄, we will endow this lous
with the sheme struture given by onsidering it as the sheme-theoreti image of
V under f (see, for example, [Har77℄).
To a ongruene is assoiated a sequene of degrees or (ν+1)-degree (a0, . . . , aν)
if we write
[B] =
ν∑
i=0
aiσn−1−i,i
where we put ν :=
[
n−1
2
]
as a linear ombination of Shubert yles of the
Grassmannian (reall that σn−1−i,i := [{ℓ ∈ G(1, n) | ℓ ∩ Pi 6= ∅; ℓ,Pi ⊂ Pn−i}]).
In partiular, the order a0 is the number of lines of B passing through a general
point of Pn. The fundamental lous is ontained in the foal lous and the two loi
oinide in the ase of a rst order ongruene, i.e. through a foal point there will
pass innitely many lines of the ongruene. An important resultindependent of
order and lassis the following (see also [De 01℄):
Proposition 1.1. On every line Λb ⊂ Λ of the family, the foal subsheme V either
oinides with the whole Λbin whih ase Λ(b) is alled foal lineor is a zero
dimensional subsheme of Λb of length n− 1. Moreover, in the latter ase, if Λ is
a rst order ongruene, Φ ∩ Λb has length n− 1.
Proof. Let λ : T(B×Pn/Pn)|Λ → NΛ/B×Pn be the global harateristi map for the
family Λ (see [CS89℄). From the foal diagram (diagram (3) of [CS89℄) one gets
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that the subsheme of the foi of the rst order V is the degeneray lous of λ. If
we restrit the map λ to a bre Λb ∼= Λ(b), we obtain the harateristi map of the
family relative to b:
λ(b) : TB,b ⊗OΛ(b) −−−−→ NΛ(b)/Pn
∼=
y ∼=y
On−1Λ(b) −−−−→ OΛ(b)(1)
n−1.
From the preeding isomorphisms, the map λ(b) an be seen as an (n−1)× (n−1)-
matrix with linear entries on Λ(b); so the foal lous on Λ(b) is given by the vanishing
of the determinant of this matrix, and our laim follows.
Conerning the rst order ongruenes, we observe that a fundamental point P
is a foal point for every line Λ(b) whih ontains it, sine the harateristi map
relative to it, λ(b), drops rank in P .
Remark. If Λ is a ongruene of order dierent from one and the intersetion F ∩
Λ(b) is proper, this an have length greater than n− 1. This is due to the fat that
Λ(b) an ontain points of Φ that are atually foal for other lines, i.e. points that
are images of points ontained in some V ∩ Λb′ , with b 6= b′.
From now on we will onsider only rst order ongruenes, and sine in this ase
the foal and the fundamental loi oinide, we will talk only of fundamental loi
(with the sheme struture given above for the foal lous). A entral denition,
introdued rst in [De 01℄, is that of fundamental d-lous, i.e. the subsheme of the
fundamental lous of pure dimension d, with 0 ≤ d ≤ n − 2, whih is met by the
general line of the ongruene. Let us see how these shemes are onstruted: the
losed set
Sd := {(Λ(b), P ) ∈ Λ | rk(df(Λ(b),P )) ≤ d}
has a natural subsheme struture, whih is dened by a Fitting ideal, i.e. the ideal
generated by the (d+1)-minors of df (or, by the Fitting lemma, see [Eis95℄, by the
d-minors of λ), see [Kle77℄; in partiular, Sn−1 = V . Let us dene
Dd+1 := Sd+1 \ Sd
with the sheme struture indued by Sd+1. Finally, we onsider the sheme-
theoreti image Φd of Dd+1 in P
n
under f . The omponent of Φd of pure dimension
d (with the sheme struture indued by Φd) whih is met by the general line of
the ongruene is the fundamental d-lous.
These subshemes of the fundamental lous are partiularly important, sine
a rst order ongruene an be haraterised as a omponent of the set of lines
whih meet the fundamental d-loi a ertain number of times, see the Classiation
Theorem 3.2 of [De 01℄.
Denition 1.1. The union of the fundamental d-loi of F is alled pure funda-
mental lous, or, in what follows, simply fundamental lous and it is denoted by
F .
After this, we give the following
Theorem 1.2. If Λ is a rst order ongruene suh that the pure fundamental
lous F is irreduible and oinides with the fundamental (n− 2)-lous, then
n− 1
k
< m < (n− 1)2,
where m := deg(F )red and k is the geometri multipliity (F )red in F .
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Proof. First of all, we have that n−1 < km by degree reasons, sine the ongruene
is given by lines whih interset F in a zero dimensional sheme of length n− 1.
To prove the other bound, we need of ourse more work. Let B be our on-
gruene, whih has sequene of degrees (1, a1, . . . , aν). If Π is a (xed) general
(n− 2)-plane, we denote by VΠ the sroll given by the lines of the ongruene that
meet Π. Then by the Shubert alulus one an show that VΠ is a hypersurfae of
P
n
of degree 1 + a1.
Moreover, if ℓ is a line of B not ontained in VΠ and P is a point of VΠ ∩ ℓ, then
P is a fous for B, sine at least two lines of the ongruene pass through it.
Then, if Π′ is another general (n − 2)-plane of Pn, the omplete intersetion of
the hypersurfaes VΠ and VΠ′ is a (reduible) (n − 2)-dimensional sheme Γ that
ontains the foal lous F and the (n−2)-dimensional sroll Σ given by the lines of
the ongruene meeting Π and Π′, whih has degree 1 + 2a1 + a2 (atually, 1 + a1
in the ase of P3; sine this ase an be treated analogously, we will suppose from
now on that n > 3).
In fat, if a point P of VΠ ∩ VΠ′ does not belong to the sroll Σ, it belongs to
the fundamental lous. Indeed in this ase
P ∈ ℓ ∩ ℓ′, where ℓ ∈ GΠ, ℓ ∈ GΠ′ , and ℓ 6= ℓ
′
where GΠ and GΠ′ denote the subvarieties of the Grassmannian orresponding
to the two srolls VΠ and VΠ′ . Sine Λ is a rst order ongruene and P belongs to
two of the lines of Λ, it belongs to innitely many ones.
Reiproally, if P ∈ F is a general foal point, the set of the lines of B through
P , χP , is a one of dimension (at least) two, so its intersetion with Π and Π
′
is
not empty and therefore P ∈ VΠ ∩ VΠ′ .
The degree of the sroll follows from the Shubert alulus.
Claim. The following formulae hold:
(n− 1)h = 1 + a1,(1)
(1 + a1)
2 ≥ h2m+ 1 + 2a1 + a2,(2)
where we denoted by h the algebrai multipliity of (F )red on VΠ.
Let us start proving relation (1). If we take a line Λ(b) of the ongruene not
ontained in F ∩VΠ, then, interseting Λ(b) with VΠ, we obtain a zero dimensional
sheme of length 1+ a1, sine this is the degree of VΠ. VΠ ∩Λ(b), set-theoretially,
oinides with (F )red∩Λ(b), and its intersetion multipliity is h, so the relation (1)
is proved.
We reall that the degree of Γ is (1 + a1)
2
, and it ontains F and the sroll Σ.
Atually, the fundamental (n−2)-lous has geometri multipliity in Γ equal to h2.
The proof of this fat is the following: the intersetion multipliity i((F )red, VΠ ·
VΠ′ ,P
n) of F in VΠ · VΠ′ is equal to the geometri multipliity of (F )red in Γ, but
i((F )red, VΠ · VΠ′ ,Pn) = h2.
Finally, as we seen, the sroll Σ has degree 1 + 2a1 + a2, so we get formula (2).
Now, if we substitute formula (1) in formula (2), we obtain
(n− 1)2h2 − h2m− 1− 2a1 − a2 ≥ 0,(3)
and sine −1− 2a1 − a2 < 0, we dedue m < (n− 1)2.
A fundamental onsequene of the preeding theorem is the following:
Theorem 1.3. If we have a rst order ongruene of Pn suh that the fundamen-
tal lous F satises the hypothesis of the preeding theorem, then F annot be a
omplete intersetion. If moreover F is smooth, then n ≤ 5.
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Proof. In fat, by the preeding theorem deg(F ) < (n − 1)2, therefore if it were
a omplete intersetion, it would be ontained in a hypersurfae V of degree less
than n− 1, and so every (n− 1)-seant line of F would be ontained in V .
If F is smooth, sine by [HS85℄ we know that Hartshorne's onjeture is true in
odimension two up to degree (n− 1)(n+ 5), then dim(F ) ≤ 3.
2. General examples of first order ongruenes
We give now two examples of rst order ongruenes of lines of Pn. Atually,
these examples give us all the ongruenes of Theorem 0.1 but ase 4b.
2.1. Linear setions of G(1, n). First of all, we will analyse the ongruenes that
ome out from linear setions of the Grassmannian G(1, n), i.e. we will onsider
the so alled, lassially, linear ongruenes.
We reall that the Shubert yle that orresponds to a hyperplane setion of
(the projetive embedding of) the Grassmannian is σ1, so the following tehnial
lemma gives us the formula for the general intersetion of these speial Shubert
yles:
Lemma 2.1. If ℓ ≤ n− 1 and we set k :=
[
ℓ
2
]
, the following formula holds:
σℓ1 =
k∑
i=0
((
ℓ− 1
i
)
−
(
ℓ− 1
i− 2
))
σℓ−i,i(4)
with the onvention that
(
ℓ
h
)
= 0 if h < 0.
Proof. Let us prove the lemma by indution: for ℓ = 1 it is obvious. Let us suppose
it is true for ℓ− 1; then, by indutive hypothesis
σℓ−11 =
k′∑
i=0
((
ℓ− 2
i
)
−
(
ℓ− 2
i− 2
))
σℓ−1−i,i,
where k′ :=
[
ℓ−1
2
]
. By Pieri's formula, we have
σℓ−1−i,i · σ1 =
{
σℓ−i,i if ℓ− 1− i = i
σℓ−i,i + σℓ−1−i,i+1 otherwise,
i.e. if ℓ− 1 6= 2k′ + 1 and i 6= k′, we obtain(
ℓ− 2
i
)
−
(
ℓ− 2
i− 2
)
+
(
ℓ− 2
i− 1
)
−
(
ℓ− 2
i− 3
)
=
(
ℓ− 1
i
)
−
(
ℓ− 1
i− 2
)
while if i = k′ = ℓ−22 ,(
2k′
k′
)
−
(
2k′
k′ − 2
)
=
(
2k′ + 1
k′ + 1
)
−
(
2k′ + 1
k′ − 1
)
,
whih follows from the formula(
ℓ− 1
i
)
−
(
ℓ− 1
i− 2
)
=
(
ℓ
i
)
·
ℓ − 2i+ 1
ℓ− i+ 1
.(5)
Theorem 2.2. If Λ is a ongruene with sequene of degrees (a0, . . . , aν) then B,
as a subvariety of the Plüker embedding of the Grassmannian, has degree
deg(B) =
ν∑
i=0
ai
((
n
i
)
·
n− 2i+ 1
n− i+ 1
)
.
Proof. It is a orollary of formulae (4) and (5).
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Corollary 2.3. An (n − 1)-linear setion B of the Grassmannian of lines of Pn
generates a rst order ongruene Λ with sequene of degrees
(ν + 1)-deg(Λ) =
(
1, . . . ,
((
n− 2
i
)
−
(
n− 2
i− 2
))
, . . . ,
((
n− 2
ν
)
−
(
n− 2
ν − 2
)))
;
in partiular, as a subvariety of the Plüker embedding of the Grassmannian, this
is a smooth ongruene of degree
deg(B) =
ν∑
j=0
((
n− 2
j
)
−
(
n− 2
j − 2
))2
=
1
n− 1
(
2n− 2
n
)
.
Obviously the degree of a linear ongruene is the degree of the Grassmannian
(whih an be found in [Ful84℄, Example 14.7.11). This orollary gives us a rst non-
trivial example of a rst order ongruene. Some general results about fundamental
varieties of these ongruenes are given in [BM01℄; in partiular, it is proven that
the foal lous is the degeneray lous F of a general morphism
φ : O
⊕(n−1)
Pn
→ ΩPn(2)(6)
of (oherent) sheaves on Pn and that F is smooth if dim(F ) ≤ 3.
The idea of the proof is the following: rst we have the isomorphism:
H0(ΩPn(2)) ∼= (∧
2V )∗,(7)
where V := H0(OPn(1))∗; from this we an interpret a global setion of ΩPn(2) as a
bilinear alternating form on V , or as a skew-symmetri matrix of type (n+1)×(n+1)
with entries in the base eld. Then, the general morphism φ dened in (6) is
assigned by giving n − 1 general skew-symmetri matries, A1, . . . , An−1 and the
orresponding degeneray lous F in Pn is the set of points P suh that
n−1∑
i=1
λiAi[P ] = 0(8)
for some (λ1, . . . , λn−1) 6= (0, . . . , 0), and [P ] denotes the olumn matrix of the o-
ordinates of P . Finally, realling that the Plüker embedding of the Grassmannian
is:
ψ : G(1, n) →֒ P(∧2V )
we an onlude easily.
An improvement of a result of [BM01℄ is the following:
Proposition 2.4. If F is the foal lous of a general linear ongruene of Pn, then
1. if n is even, equation (8) has at least one solution and F is a rational variety;
2. if n is odd, the vanishing of the Pfaan of the matrix of (8) denes a hy-
persurfae Z of degree (n + 1)/2 ontained in a Pn−2 in whih λ1, . . . , λn−1
are the oordinates. Furthermore, if φ is general, for a xed point [λ] ∈ Z,
we nd a line of solutions of equation (8) in F , so that F is a sroll over (an
open set of) Z.
Besides,
deg(F ) =
n2 − 3n+ 4
2
.
Proof. If we dualise the Eagon-Northott omplex applied to (6), we have the fol-
lowing exat sequene
0→ OPn(1 − n)→ TPn(−2)
tφ
−→ O
⊕(n−1)
Pn
→ ω◦F (2)→ 0,
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where ω◦F is the dualising sheaf of F . Hunting in the sequene, we get
H0(Pn, ω◦F (2))
∼= H0(Pn,O
⊕(n−1)
Pn
),
and so the omplete linear system |KF +2H |where KF and H are the anonial
and hyperplane divisors, respetivelyis base point free, from whih we obtain that
the map assoiated to it
ϕ|KF+2H| : F → P
n−2
is well dened. The bre of ϕ|KF+2H|if we x projetive oordinates λ1, . . . λn−1
on Pn−2 and x0 . . . xn on P
n
is given, in view of (8), by the solutions of the
following homogeneous linear system of n+1 equations in the n+1 indeterminates:
x0 . . . xn: ∑
i=1,...,n−1
k=0,...,n
λi(Ai)j,kxk = 0, j = 0, . . . , n,(9)
where λ1, . . . λn−1 are xed. Clearly the (n + 1) × (n + 1)-matrix A :=
∑
λi(Ai)
assoiated to this system is antisymmetri; therefore, if n is even, its determinant is
zero and has only one or innitely many (projetive) solutions; so, for dimensional
reasons, we get that ϕ|KF+2H| is birational and F is rational.
If instead n is odd, detA is, in general, not zero, and so its Pfaan denes a
hypersurfae Z of degree (n + 1)/2 and the general bre of ϕ|KF+2H| is a P
1
. We
observe that the Eagon-Northott gives in fat a loally free resolution of the ideal
sheaf of F :
0→ O
⊕(n−1)
Pn
(1− n)
φ(1−n)
−−−−→ ΩPn(3 − n)→ OPn → OF → 0.
From this we get the Hilbert polynomial of F , and in partiular, after some om-
putations, the degree.
Remark. In low dimension and with a general setion, we have that (see [BM01℄ for
details) if n = 3, F is the union of two skew lines, if n = 4, F is a smooth projeted
Veronese surfae and if n = 5, F is a (rational) threefold of degree seven, whih is
a sroll over a ubi surfae in P3. It is also known as Palatini sroll (see [Ott92℄).
Remark. Sine a linear ongruene B is given by a linear setion of the Grassman-
nian G(1, n), a resolution of its ideal sheaf is given by the Koszul omplex
0→ OG(1,n)(−n+ 1)→ (∧
2((OG(1,n)(−1))
⊕(n−1)))→ · · ·
· · · → ((OG(1,n)(−1))
⊕(n−1))→ OG(1,n) → OB → 0.
Instead, the minimal free resolution of the Plüker embedding of B an be obtained
by the minimal free resolution of G(1, n)whih an be found in [JPW81℄via the
mapping one. Sine the omputations are rather ompliate, we will not give them.
2.2. Matries of type (n − 1)× n with linear entries. Let us onsider a gen-
eral morphism φ ∈ Hom(O
⊕(n−1)
Pn
,O
⊕n)
Pn
(1)), whose minors vanish in the expeted
odimension two. In this ase, F := V (φ)the degeneray lous of φis a loally
Cohen-Maaulay subsheme, the Eagon-Northott omplex is exat (see [BE75℄)
and gives a free resolution of our ideal sheaf:
0→ O
⊕(n−1)
Pn
(−n)
φ(−n)
−−−−→ O⊕n
Pn
(1− n)→ OPn → OF → 0.(10)
Thenfor examplefrom the Hilbert polynomial we get
deg(F ) =
(
n
2
)
(11)
π(F ) = 1 +
2n− 7
3
(
n
2
)
(12)
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where π(F ) is the setional genus of F . It is easy to prove that:
Proposition 2.5. F is rational, and if n ≤ 5 it is smooth. Besides, the adjuntion
map ϕ|KF+H| exhibits F as the blow-up of P
n−2
in a sheme Z of degree
(
n+1
2
)
and
setional genus
n
6 (2n− 5)(n+1)− 1. In partiular, if n = 4, F is a rational sexti
whih is the blow-up of the plane in 10 points, i.e. a Bordiga surfae.
Proof. The smoothness is a onsequene of Bertini type theorems. For proving that
F is rational, we an apply the standard argument used in the proof of Proposi-
tion 2.4: we onsider the dual of the Eagon-Northott omplex applied to φ
0→ OPn(−n)→ O
⊕n
Pn
(−1)
tφ
−→ O
⊕(n−1)
Pn
→ ω◦F (1)→ 0,
where ω◦F is the dualising sheaf of F . Chasing in the sequene, we get
H0(Pn, ω◦F (1))
∼= H0(Pn,O
⊕(n−1)
Pn
),
and the omplete linear system |KF +H |where KF and H are the anonial and
hyperplane divisors, respetivelyis base point free, from whih we obtain that the
map assoiated to it
ϕ|KF+H| : F → P
n−2
is well dened. The bre of ϕ|KF+H|if we x projetive oordinates y0, . . . yn−2
on Pn−2 and x0 . . . xn on P
n
is given by the solutions of the following homogeneous
linear system of n equations in the n+ 1 indeterminates x0 . . . xn:
n∑
i=0
Φj,i(y0 : . . . : yn−2)xi = 0, j = 1, . . . , n,(13)
where y0, . . . yn−2 are xed and Φj,i(y0 : . . . : yn−2) are linear forms on P
n−2
.
Clearly the (n + 1) × n-matrix assoiated to this system has maximal rank, sine
the forms Φj,i(y0 : . . . : yn−2) are linearly independent if φ is general, and then
it has only one (projetive) solution; so, ϕ|KF+H| is birational and F is rational.
Besides, ϕ|KF+H| has (at least) one dimensional bres on the degeneray lous Z
of the map Φ : O⊕n
Pn−2
→ O
⊕(n+1)
Pn−2
(1), i.e. ϕ|KF+H| gives F as the blow-up of P
n−2
in Z. As usual, Eagon-Northott gives a free resolution of Z:
0→ O⊕n
Pn−2
(−n− 1)→ O
⊕(n+1)
Pn−2
(−n)→ OPn−2 → OZ → 0,
from whih we obtain the degree and the setional genus of Z.
With this, we prove that
Theorem 2.6. The (n − 1)-seant lines of the variety F dened as above form a
rst order ongruene of lines B of Pn. The ongruene B is smooth for general φ.
Proof. Let
A :=


a11 · · · a1(n−1)
.
.
.
an1 an(n−1)


be the matrix of linear entries on Pn assoiated to the map φ. Moreover, let us
denote by Ai, i = 1, . . . , n the rows of A and by aiˆ the minor of order n − 1 of A
obtained utting out the row Ai. We want to prove that any (n − 1)-seant line
of F is given by the vanishing of the entries of Aλ :=
∑n
i=1 ℓλ,iAi, i.e. by a linear
ombination of the rows of A: ℓλ := V (
∑n
i=1 ℓλ,iaij), j = 1, . . . , n− 1. In fat, ℓλ
is an (n− 1)-seant line of F : after hanging oordinates, we an assume that ℓλ is
dened by the zeros of the last row. The intersetion V (anˆ) ∩ ℓλ is given by n− 1
points P1, . . . , Pn−1 and by denition, the matrix A drops rank at eah of the Pi's.
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Vie versa, if ℓ is an (n− 1)-seant line, to prove that its equations are a linear
ombination of rows it is suient to show that ℓ is ontained in at least one (linear
ombination) of the hypersurfaes V (aiˆ). If this were not so, we would have that
V (aiˆ) ∩ ℓ = F ∩ ℓ = {P1, . . . , Pn−1}, ∀i, sine V (aiˆ) ∩ ℓ ⊃ F ∩ ℓ and both sets
ontain n− 1 points. But if we take a penil of these hypersurfaes, we an nd a
linear ombination of these ontaining ℓ.
By this, it is easy to see that B is a rst order ongruene: if P ∈ Pn is a general
point, we have to solve A(P ) · tλ with λ ∈ Pn−1, i.e. a homogeneous linear system
of n− 1 equations in n indeterminates.
Finally, for proving that B is smooth, from the above geometri desription of
the (n− 1)-seant lines as linear ombination of the rows of A, we see that the map
φ gives rise to a map
ϕ : O⊕n
G(1,n) → (S
∗)⊕(n−1).
where ϕ is obtained by onsidering the dual of φ twisted by one and then pulled
bak to the inidene variety and nally pushed it forward to G(1, n)and B is
preisely the degeneray lous of ϕ. Then we onlude as usual by Bertini type
theorems.
Remark. If we apply the Eagon-Northott omplex to ϕ, we obtain a resolution of
B:
(14) 0→ O
⊕(n2)
G(1,n) → (S
∗)⊕(n−1)(
n
3) →
→ (∧2((S∗)⊕(n−1)))⊕(
n
4) → · · ·
· · · → ∧n−2((S∗)⊕(n−1))→ OG(1,n)(n− 1)→ OB(n− 1)→ 0.
3. Two multiple point formulae
We will prove now the quadruple point formula for a smooth threefold X of
P
5
and the formula whih gives the number of 4-seant lines to a surfae S of P4
passing through a general point P ∈ S.
In this and in the next setion, we will denote by S a general hyperplane setion
of the threefold X , by H and K the hyperplane and the anonial divisors of X .
d := deg(X) = H3 is the degree of X , π = 12H
2(K + 2H) + 1 its setional genus,
while χ(OX) and χ(OS) are, respetively, the Euler-Poinaré harateristi of X
and S. We reall that for a smooth threefold of P5 two double point formulae
holdi.e. one for X and one Swhih an be written as
K3 = −5d2 + d(2π + 25) + 24(π − 1)− 36χ(OX)− 24χ(OS),
H ·K2 =
1
2
d(d + 1)− 9(π − 1) + 6χ(OX),
so the basi invariants of X are d, π, χ(OX) and χ(OS) (see for example [DP95℄).
We start with the quadruple point formula. We refer to [Kle81℄ for the denitions
and results used in the proof.
Proposition 3.1. Let X be a smooth threefold of P5 and P ∈ (P5 \X) is a point
through whih there is a nite number of 4-seant lines of X. If we set q(X) :=
length(Ψ ∩WP ) where Ψ,WP ⊂ G(1, n) ⊂ P14 are, respetively, the family of 4-
seant lines of X and the Shubert variety of the lines through P (embedded via the
Plüker embedding), then the following formula holds:
q(X) =
1
24
d4 −
1
4
d3 +
1
2
d2(
11
12
− π) + d(
5
2
π + 2χ(OS)−
9
4
) +
+
1
2
π2 −
7
2
π + 6χ(OX)− 9χ(OS) + 3,
(15)
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In partiular, for the general point of P5, there pass q(X) 4-seant lines, i.e. Ψif
it is not emptyis a (possibly reduible) ongruene of order a0 = q(X).
Proof. Let us onsider the projetion πP : X → P4 from a general point P of
P5 to a hyperplane. πP isas observed in [Kle81℄4-generi (see [Kle81℄ for the
denition). Therefore, we an apply Kleiman's quadruple point formula of [Kle81℄,
and from this we obtain formula (15) in the ase of a general point.
If P is not a general point, the onlusion follows by degree reasons.
Next, we pass to prove the other formula.
Proposition 3.2. Let S ⊂ P4 be a smooth non-srollar surfae of degree d, se-
tional genus π, hyperplane and anonial divisors H and K, respetively. Then the
number of 4-seant lines h of S passing through a general point P ∈ S is given by
the formula
h =
1
6
d3 −
3
2
d2 + d(
16
3
− π) + 4π + 2χ(OS)− 10.(16)
Proof. h is atually equal to the number of triple points of the image of S under
the projetion from P to a hyperplane. Therefore h an be obtained from the triple
point formula for a map f from a smooth surfae to P3: we simply blow-up S in P
and then we ompose the map whih denes the blow-up g : BlP (S)→ S with the
projetion, i.e. f := πp ◦ g. The triple point formula an be found in [Le 87℄, and
it is, in our situation
h =
1
6
(d˜(d˜2 − 12d˜+ 44) + 4K˜2 − 2c˜2 − 3H˜K˜(d˜− 8)),(17)
where H˜ = g∗H − E is the strit transform of HE is the exeptional divisor of
the blow-up, K˜ = g∗K + E the anonial divisor of BlP (S), d˜ = H˜
2
and c˜2 its
topologial Euler-Poinaré harateristi. Clearly, we have that d˜ = d − 1, c˜2 =
c2 +1, where c2 is the topologial Euler-Poinaré harateristi of S, K˜
2 = K2 − 1
sine S is not a sroll, and H˜K˜ = 2π− d− 1. Then, if we express the invariants of
S in terms of the basi invariants (d, π, χ(OS)), we get formula (16).
Remark. We obtained the formulae with the help of S. Katz and S. A. Strømme's
Maple pakage Shubert.
4. Congruenes of Pn
In this setion we study the irreduible rst order ongruenes B that are given
by the families of the 4-seant lines of smooth threefoldsX ⊂ P5 (with the notations
for its invariants given in Setion 3), proving Theorem 0.1. We need the following
preliminary result:
Lemma 4.1. If S(= X ∩H) is not a sroll, the following formula holds:
0 =
1
8
d4 −
23
12
d3 − d2(π −
83
8
)− d(
355
12
− 11π − 2χ(OS)) +
+
1
2
π2 −
57
2
π − 17χ(OS) + 53.
(18)
Proof. Formula (18) is formula (1), whih is, in our situation,
4h = 1 + a1(19)
(with the notations of the proof of Theorem 1.2). Now, h is the algebrai multipliity
of the fundamental lous on the variety VΠ of the lines of B that meet a general
3-plane Π, i.e. if we x P ∈ X , there are h lines of B though it that meet Π also.
The hyperplane PΠ intersets X in a smooth surfae S, and the h lines are exatly
the ones that are 4-seants to S. So h is given by formula (16).
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By denition, a1 is the number of lines of B ontained in a hyperplane H and
that meet a line ℓ ⊂ H , i.e. it is the degree of the hypersurfae of the 4-seant lines
of S. But this is formula an be easily dedued from [Le 90℄ and it is
a1 =
1
8
d4 −
5
4
d3 + d2(
35
8
− π) + d(+7π + 2χ(OS)−
33
4
) +
1
2
π2 −
25
2
π − 9χ(OS) + 12.
(20)
Substituting formulae (16) and (20) in (19), we get formula (18).
Remark. During the proof of the preeding proposition, we have alulated the
rst multidegree a1 for the family (possibly reduible) of the 4-seant lines of a
smooth threefold X of P5. a2 is instead the number of 4-seant lines ontained in a
3-dimensional linear spae G, i.e. the number of 4-seant lines of the smooth urve
G ∩X , and this formula is in [Le 82℄:
a2 =
1
12
d4 − d3 +
53
12
d2 −
17
2
d+ 6−
1
2
πd2 +
7
2
dπ −
13
2
π +
1
2
π2.(21)
Lemma 4.2. The family B of the 4-seant lines of the threefold X of ase (4b) of
Theorem 0.1 is irreduible.
Proof. First of all, reall that X = ∪ℓ∈Zℓ, where Z := G(1, 5) ∩ P8(⊂ P14): see
Proposition 3.2 of [Cha89℄.
Applying Formula (15), we get that B is a rst order ongruene. If B were
reduible, we ould write B = B0 ∪ B1, where B1 is the irreduible omponent of
B of order 1 and B0 is the union of the other omponents (whih have order zero);
besides, we denote by aj(i) the j-th multidegree of Bi. Now, Formula (19) beomes
4h = 1 + a1(1), but in Formula (20) we have to substitute a1 with a1(0) + a1(1),
and therefore a1(0) = 0. So, the only possibility is [B0] = a2(0)σ2,2, i.e. X ontains
at least a surfae of a P3 of degree at least 4.
If Y ⊂ Π ∼= P3 were one of these surfaes, it is enough to prove that Y is not a
sroll. In fat, one we have proven this, we an see that Y would be birationally
equivalent to Z, sine through almost every point of Y there is a line of X not
ontained in Π. But Z is the intersetion of G(1, 5) with six general hyperplanes of
P14, while in P14
∗
the set of hyperplanes onsisting of the speial Shubert yles of
lines meeting a 3-plane has odimension six (it is in fat G(3, 5)) and hene disjoint
with the span of six general elements.
If Y were a sroll, then its orresponding urve C in X would be ontained in a
xed G(1,Π) ⊂ G(1, 5). But both X and G(1,Π) are linear setions of G(1, 5) and
therefore C ould be (at most) a oni, and so Y ould only be a quadri.
Remark. In the previous proof, the fat that we an exlude the non-srollar ase,
it has been suggested to us by the referee. Our proof was longer and based on the
fat that the setional genus of Y would be the same of Z.
Proof of Theorem 0.1. By Theorem 1.3, it is enough to onsider the ases of Pn
with n ≤ 5.
By Theorem 1.2 (and by Castelnuovo's bound) we get that in P3 the only on-
gruene is the one given by the seant lines of the twisted ubi.
In P4, again by Theorem 1.2, we obtain that the surfaes X we are looking for
have to satisfy 4 ≤ deg(X) ≤ 8, and sine the smooth surfaes are lassied up to
degree ten, see [DP95℄, if we apply the triple point formula (see [Le 87℄, or formula
(17), erasing the tildes) to them, we get only the ases of the theorem.
Passing to the next ase, sine the smooth threefolds of P5 are lassied up to
degree 12 (see [BSS95℄), we an hek whih of them have an apparent quadruple
point, and it turns out that they are the ones of the list of the theorem. The three
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ongruenes are indeed irreduible, ase (4b) by Lemma 4.2, the other two from
their desription as degeneray loi.
Next, from Theorem 1.2 we have to exlude the ases of degrees 13, 14 and 15.
To do this, we alulate the possible invariants of these threefolds (see for example
[BSS95℄) and then we request that they have to satisfy q(X) = 1 in formula (15),
and equation (18) applied to the general hyperplane setion S of X : sine the
smooth, non-degenerate sroll surfaes of P
4
have degree at most 5, see [Lan80℄, we
an apply this last formula without problems. It turns out that there annot exist
threefolds with these onditions.
Finally we an alulate the multidegree for the three ongruenes of P5 (the
ases of P3 and P4 an be easily dedued from Setion 2); a1 is from formula (20)
and a2 is given by formula (21).
Remark. We performed the alulations in the last proof with the help of a simple
program in Maple.
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